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1. Introduction
The interest to formulate a consistent quantum field theory
on noncommutative space comes, besides from string the-
ory, also from mathematics [1] and from phenomenology.
There are two main approaches to define gauge theories
on the canonical noncommutative space. One possibility,
extensively analyzed in the literature [2, 3], is to replace
the ordinary product in the Lagrangian by the Moyal-Weyl
⋆-product; it is well defined owing to associativity and the
trace property of the ⋆-product. Using this prescription,
however, only U(N) gauge theories can be consistently de-
fined and the group representations are restricted to the
fundamental and the adjoint. This implies in particular
the quantization of the electric charge which takes val-
ues in {±1, 0}. In perturbative quantization, the interac-
tion vertices obtain additional phase factors in comparison
with commutative theory, and this leads to the well-know
UV/IR mixing.
A slightly different and nonequivalent representation is
the so-called θ-expanded approach. A consequence of the
requirement that the gauge algebra closes on noncomuta-
tive fields is that the fields are enveloping algebra-valued.
Using the Seiberg-Witten map, which is also an expansion
in the noncommutativity parameter θ, noncommutative
fields are expressed in terms of their commutative coun-
terparts [4, 5]. The major advantage of this approach is
that models with any gauge group and any particle content
can be constructed.
There is a number of versions of the noncommutative
standard model in the θ- expanded approach [6, 7, 8, 9].
The argument of renormalizability was previously not in-
cluded in the construction because it was believed that
field theories on noncommutative Minkowski space were
not renormalizable in general [10, 11]. However, a recent
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result on the one-loop renormalizability of the θ-expanded
noncommutative SU(N) gauge theory opens different per-
spectives [13]. Of course, renormalizability in linear order
does not mean renormalizability of the complete theory,
but one can expect that the additional Ward identities,
which correspond to the full noncommutative symmetry
and relate different orders, might help. In this paper we
will follow papaer [12]. We show that it is possible to
construct a version of the NCSM gauge sector which is
one-loop renormalizable to first order in θ.
2. Noncommutative standard model
2.1. General considerations
The noncommutative space which we consider is the flat
Minkowski space, generated by four hermitian coordinates
x̂µ which satisfy the commutation rule
[x̂µ, x̂ν] = iθµν = const. (2..1)
The algebra of the functions φ̂(x̂), χ̂(x̂) on this space can
be represented by the algebra of the functions φ̂(x), χ̂(x)
on the commutative R4 with the Moyal-Weyl multiplica-
tion:
φ̂(x) ⋆ χ̂(x) = e
i
2
θµν ∂
∂xµ
∂
∂yν φ̂(x)χ̂(y)|y→x . (2..2)
It is possible to represent the action of an arbitrary Lie
group G (with the generators denoted by T a) on noncom-
mutative space. In analogy to the ordinary case, one intro-
duces the gauge parameter Λ̂(x) and the vector potential
V̂µ(x). The main difference is that the noncommutative Λ̂
and V̂µ cannot take values in the Lie algebra G of the group
G: they are enveloping algebra-valued. The noncommuta-
tive gauge field strength F̂µν is defined in the usual way
F̂µν = ∂µV̂ν − ∂νV̂µ − i(V̂µ ⋆ V̂ν − V̂ν ⋆ V̂µ). (2..3)
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There is, however, a relation between the noncommutative
gauge symmetry and the commutative one: it is given by
the Seiberg-Witten (SW) mapping [4]. The expansions of
the NC vector potential and of the field strength, up to
first order in θ, read
V̂ρ(x) = Vρ(x)−
1
4
θµν {Vµ(x), ∂νVρ(x) + Fνρ(x)} .
F̂ρσ = Fρσ +
1
4
θµν(2{Fµρ, Fνσ} − {Vµ, (∂ν +Dν)Fρσ})
(2..4)
Dµ is the commutative covariant derivative.
Taking the action of the noncommutative gauge theory
S = −
1
2
Tr
∫
d4x F̂µν ⋆ F̂
µν , (2..5)
and expanding the fields via SW map, ∗ product we obtain
the expression
S = −
1
2
Tr
∫
d4xFµνF
µν+θµν Tr
∫
d4x (
1
4
FµνFρσ−FµρFνσ)F
ρσ.
(2..6)
2.2. U(1)Y ⊗ SU(2)L ⊗ SU(3)C
The discussion given above was a general one, without any
specification of the gauge group G or of its representations.
In (2..6) we have a factor Tr {T a, T b}T c ∼ dabc. One could
perhaps assume that, as the field strength transforms ac-
cording to the adjoint representation, the symmetric co-
efficients dabc are given in that representation. However,
when the matter fields are included, other representations
of G are present too, and therefore the expression (2..6) is
ambiguous.
To start the discussion of the gauge field action-dependence
on the gauge group and/or on its representation, we use
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the most general form of the action, [7]:
Scl = −
1
2
∫
d4x
∑
R
CRTr (R(F̂µν) ∗ R(F̂
µν)). (2..7)
The sum is, in principle, taken over all irreducible represen-
tations R of G with arbitrary weights CR. Of course, for
the gauge group G we take U(1)Y⊗SU(2)L⊗SU(3)C. The
previous action may be generalized by adding x2−depending
term
Scl = −
1
2
∫
d4x
∑
R
CRTr (R(F̂µν) ∗ R(F̂
µν))
+
a− 1
4
∫
d4x
∑
R
Tr (hθρσ ⋆ R̂(F̂ρσ) ⋆R((̂Fµν) ⋆R(F̂
µν)).
The above action has very interesting renormalization prop-
erty and phenomenological consequences. The constant a
will be fixed by renormalizability property. For a = 1 we
obtain (2..7), so-called minimal model.
To relate the action (2..6) to the usual action of the
commutative standard model, we make the decompositions
Vµ = g
′AµR(Y ) + gB
i
µR(T
i
L) + gSG
a
µR(T
a
S),
Fµν = g
′fµνR(Y ) + gB
i
µνR(T
i
L) + gSG
a
µνR(T
a
S).
The R(Y ), R(T iL), R(T
a
S) denote the representations of
the group generators Y , T iL and T
a
S of U(1)Y, SU(2)L and
SU(3)C, respectively; the group indices run as i, j = 1, . . . 3
and a, b = 1, . . . 8. According to [7], we take that CR
are nonzero only for the particle representations which are
present in the standard model. Then from (2..7) we ob-
tain the expression for the θ-independent part of the La-
grangian
LSM = −
g′2
2
∑
R
CRd(R2)d(R3)R1(Y )R1(Y ) fµνf
µν
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−
g2
2
∑
R
CRd(R3)Tr (R(T
i
L)R(T
j
L))B
i
µνB
µνj
−
g2S
2
∑
R
CRd(R2)Tr (R(T
a
S)R(T
b
S))G
a
µνG
µνb,(2..8)
where d(R) denotes the dimension of the representation
R. The noncommutative correction, that is the θ-linear
part of the Lagrangian, reads
Lθ =
∑
Lθi = g
′3κ1θ
µν
(
a
4
fµνfρσf
ρσ − fµρfνσf
ρσ
)
+ g3κijk4 θ
µν
(
a
4
BiµνB
j
ρσB
ρσk −BiµρB
j
νσB
ρσk
)
+ g3Sκ
abc
5 θ
µν
(
a
4
GaµνG
b
ρσG
ρσc −GaµρG
b
νσG
ρσc
)
+ g′g2κ2θ
µν
(
a
4
fµνB
i
ρσB
ρσi − fµρB
i
νσB
ρσi + c.p.
)
+ g′g2Sκ3θ
µν
(
a
4
fµνG
a
ρσG
ρσa
− fµρG
a
νσG
ρσa + c.p.) , (2..9)
where the c.p. in (2..9) denotes the addition of the terms
obtained by a cyclic permutation of fields without changing
the positions of indices. The couplings in (2..9) are defined
as follows:
κ1 =
∑
R
CRd(R2)d(R3)R1(Y )
3,
κ2δ
ij =
∑
R
CRd(R3)R1(Y )Tr (R2(T
i
L)R2(T
j
L)),
κ3δ
ab =
∑
R
CRd(R2)R1(Y )Tr (R3(T
a
S)R3(T
b
S)),
κ
ijk
4 =
1
2
∑
R
CRd(R3)Tr ({R2(T
i
L),R2(T
j
L)}R2(T
k
L)),
κabc5 =
1
2
∑
R
CRd(R2)Tr ({R3(T
a
S),R3(T
b
S)}R3(T
c
S)).
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Let us discuss the dependence of κ1, . . . , κ5 on the rep-
resentations of matter fields. For the first generation of
the standard model there are six such representations ;
they produce six independent constants CR
1. These con-
stants are constrained by the three relations which defined
g′, g, gS. One can immediately verify that κ
ijk
4 = 0. We
shall in addition take that κabc5 = 0. The argument for this
assumption is related to the invariance of the colour sector
of the SM under charge conjugation. Although apparently
one has only the fundamental representation 3 of SU(3)C,
there are in fact both 3 and 3¯ representations with the
same weights, C3 = C3¯. Since the symmetric coefficients
for the 3 and 3¯ representations satisfy dabc
3¯
= −dabc
3
, we
obtain
κabc5 = C3d
abc
3
+ C3¯d
abc
3¯
= 0. (2..10)
We are left only with three non vanishing couplings,
κ1, κ2 and κ3, depending on six constants C1, . . . , C6. Our
classical noncommutative action reads [12]
Scl = SSM + S
θ, (2..11)
with
Sθ = g′3κ1θ
µν
∫
d4x
(
a
4
fµνfρσf
ρσ − fµρfνσf
ρσ
)
+ g′g2κ2θ
µν
∫
d4x
(
a
4
fµνB
i
ρσB
ρσi − fµρB
i
νσB
ρσi + c.p.
)
+ g′g2Sκ3θ
µν
∫
d4x
(
a
4
fµνG
a
ρσG
ρσa
− fµρG
a
νσG
ρσa + c.p.) . (2..12)
The first term in (2..12) is one-loop renormalizable to
linear order in θ [13] since the one-loop correction is of
1We assume that CR > 0; therefore the six CR’s were denoted by
1
g
2
i
, i = 1, ..., 6, in
[6, 8].
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the second order in θ. We need to investigate only the
renormalizability of remaining parts of the action (2..12).
3. One-loop renormalizability
We compute the divergences in the one-loop effective ac-
tion using the background-field method. Here we will give
only main results, the details are given in [12]. For the
action (2..6), the classical Lagrangian reads
Lcl = −
1
4
fµνf
µν −
1
4
BiµνB
µνi −
1
4
GaµνG
µνa (3..13)
+ g′3κ1θ
µν
(
a
4
fµνfρσf
ρσ − fµρfνσf
ρσ
)
+ g′g2κ2θ
µν(
a
4
fµνB
i
ρσB
ρσi − 2fµρB
i
νσB
ρσi
+
a
2
fρσB
i
µνB
ρσi − fρσB
i
µρB
νσi)
+ g′g2Sκ3θ
µν(
a
4
fµνG
a
ρσG
ρσa − 2fµρG
a
νσG
ρσa
+
a
2
fρσG
a
µνG
ρσa − fρσG
a
µρG
νσa) ,
After a very long and straightforward calculation [12] we
get the diveregent part of one-loop effective action
Γdiv =
1
3(4π)2ǫ
11[
∫
d4xBiµνB
µνi +
33
2
∫
d4xGaµνG
µνa
+ 4(3− a)g′g2κ2θ
µν
∫
d4x(
1
4
fµνB
i
ρσB
ρσi − fµρB
i
νσB
ρσi)
+ 6(3− a)g′g2Sκ3θ
µν
∫
d4x(
1
4
fµνG
a
ρσG
ρσa
− fµρG
a
νσG
ρσa)]. (3..14)
The divergent contribution due to U(1)Y solely vanishes,
both the commutative and the noncommutative one. It is
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clear from (3..14) that the divergences in the noncommu-
tative sector vanish for the choice a = 3. Therefore one
obtains that the noncommutative gauge sector interaction
is not only renormalizable but finite. The renormalization
is performed by adding counter terms to the Lagrangian.
We obtain
L+ Lct = −
1
4
f0µνf0
µν −
1
4
B0
i
µνB0
µνi −
1
4
G0
a
µνG0
µνa
+ g′3κ1θ
µν
(
3
4
f0µνf0ρσf0
ρσ − f0µρf0νσf0
ρσ
)
+ g′0g
2
0κ2θ
µν
(
3
4
f0µνB0
i
ρσB
ρσi
0 − f0µρB0
i
νσB
ρσi
0 + c.p.
)
+ g′0(gS)
2
0κ3θ
µν
(
3
4
f0µνG0
a
ρσG
ρσa
0
− f0µρG0
a
νσG
ρσa
0 + c.p.
)
, (3..15)
where the bare quantities are given as follows:
A0
µ = Aµ , g′0 = g
′ , (3..16)
B0
µi = Bµi
√√√√√1 + 44g2
3(4π)2ǫ
, g0 =
g µǫ/2√
1 + 44g
2
3(4π)2ǫ
,(3..17)
G0
µa = Gµa
√√√√√1 + 22g2S
(4π)2ǫ
, (gS)0 =
gS µ
ǫ/2√
1 + 22g
2
S
(4π)2ǫ
.(3..18)
Finally, an important point is that the noncommutativ-
ity parameter θ need not be renormalized.
4. Discussion and conclusion
We have constructed a version of the standard model on
the noncommutative Minkowski space which is one-loop
renormalizable and finite in the gauge sector and in first
order in the θ parameter. The renormalizability in the
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model was obtained by choosing six particle representa-
tions of the matter fields for the first generation of the
SM, and by fixing the parameter a = 3.
The one-loop renormalizability of the NCSM gauge sec-
tor is certainly a very encouraging result from both the-
oretical and experimental perspectives. So far fermions
have not been successfully included: the results on the
renormalizability of noncommutative gauge theories with
Dirac fermions are negative [10, 11] as a 4ψ-divergence al-
ways appears. In the case of SU(N) or SU(3)⊗SU(2)⊗U(1)
the unexpanded gauge theory cannot be consistently de-
fined. Furthermore, our results show that the requirement
of renormalizability fixes the parameter a to a = 1 or a = 3
[16]. We hope that a similar procedure could be applicable
to the fermionic sector of the theory.
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